Abstract. We prove that Einstein four-manifolds with positive scalar curvature are Hermitian Einstein if and only if the determinant of the self-dual Weyl curvature is positive. The proof is to construct a subharmonic function using the Weitzenböck formula for the self-dual Weyl curvature, and the conclusion follows from a classical result of Derdziński. The new idea in the proof is to investigate both |W + | 2 and det W + . Moreover, the subharmonic function we constructed is closely related to the refined Kato inequality of Gursky and LeBrun.
Introduction
This is a sequel to the author's thesis [14] and [15, 16, 17, 18] . The question that when a four-manifold with a complex structure admits a compatible Einstein metric with positive scalar curvature has been answered by Tian [13] , LeBrun [7] , respectively. Tian [13] proved that Kähler-Einstein four-manifolds with positive scalar curvature are CP 2 , S 2 × S 2 , or CP 2 #kCP 2 (3 ≤ k ≤ 8). LeBrun [7] proved that Hermitian Einstein four-manifolds with positive scalar curvature are either Kähler-Einstein, or CP 2 #CP 2 with Page metric [10] , or CP 2 #2CP 2 with Chen-LeBrunWeber metric [2] .
It is naturally to ask, inversely,
Question. When does a four-manifold with an Einstein metric of positive scalar curvature admit a compatible complex structure?
Kähler-Einstein four-manifolds have been characterized by half nonnegative isotropic curvature, see Richard and Seshadri [12] , Fine, Krasnov, and Panov [4] , and the author [17] . For Hermitian Einstein four-manifolds, LeBrun [8] characterized them by b + = 1 and W + (ω, ω) > 0, where ω ∈ H 2 + (M ); the author [17] characterized them by conformally half nonnegative isotropic curvature, i.e., there is a metric with half nonnegative isotropic curvature in the conformal class of the Einstein metric.
It is well known that for a Kähler metric on a four-manifold, eigenvalues of
. For a Hermitian Einstein metric with positive scalar curvature, by the work of Goldberg and Sachs [5] , Derdzinski [3] , and LeBrun [9] , it is conformal to a Kähler metric, so eigenvalues of W + are −λ, −λ, 2λ, with λ a positive function, and it is obvious that det W + > 0. We will show that this simple property is sufficient to characterize Hermitian Einstein four-manifolds with positive scalar curvature.
In other words, the average of det W + is bounded below by This paper was motivated by previous work of Gursky and LeBrun [6] , Yang [19] , and the author [15] on the rigidity of Einstein four-manifolds with positive sectional curvature, in which the authors analyzed |W ± | 2 , and reduced the problem to W ± ≡ 0, then applied a classical result of Hitchin (see Theorem 13.30 in [1] ). As observed in [15] , these methods might be in some sense restrained by the refined Kato inequality [6] . While the new idea in this paper is to analyze both |W ± | 2 and det W ± , and, instead of reducing the problem to W ± ≡ 0, we reduce the problem to 3 √ 6 det W + ≡ |W + | 3 , then apply a classical result of Derdziński (see Proposition 5 in [3] ). The reason is the following.
For any metric on a four-manifold, we have 3 √ 6| det W + | ≤ |W + | 3 , with equality holds if and only if eigenvalues of W + are −λ, −λ, 2λ. On the other hand, Derdziński (see Proposition 5 in [3] ) proved that Einstein four-manifolds whose W + at every point has only two distinct eigenvalues are either anti-self-dual or conformally Kähler, i.e., Hermitian Einstein. Therefore to prove Theorem 1.1, it is natural to show that if det W + > 0, then 3 √ 6 det W + ≡ |W + | 3 . The method of the proof is to construct a subharmonic function of |W + | 2 and det W + using the Weitzenböck formula for the self-dual Weyl curvature. Interestingly the subharmonic function we constructed is closely related to the refined Kato inequality, see Remark 2.1 in Section 2 for details. The method is motivated by the work of Polombo [11] and the author's work [15] on an alternative proof of the refined Kato inequality and the classification of Einstein four-manifolds of three-nonnegative curvature operator, and related arguments in [17] .
We expect to characterize Kähler-Einstein or Hermitian Einstein metrics using different curvature conditions by further exploring the method in this paper, this will the subject of a forthcoming paper, see Remark 2.2 in Section 2 for details. For example, we expect that Problem. Einstein four-manifolds with positive scalar curvature are Hermitian Einstein if and only if the self-dual Weyl curvature is nonvanishing.
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Proof of Theorems
Throughout the proof we assume Ric = g and follow notations in Derdziński [3] . As explained in the Introduction, we will construct a subharmonic function of |W + | 2 and det W + , which will imply that W + has only two distinct eigenvalues at every point, therefore the Einstein metric is conformally Kähler.
We first recall Derdziński's [3] derivation of the Weitzenböck formula. Let λ 1 ≤ λ 2 ≤ λ 3 be eigenvalues of W + , with corresponding orthogonal eigenvectors u 1 = e 1 ∧ e 2 + e 3 ∧ e 4 , u 2 = e 1 ∧ e 3 + e 4 ∧ e 2 , u 3 = e 1 ∧ e 4 + e 2 ∧ e 3 . Let M W be the open dense subset of M consisting of points at which the number of distinct eigenvalues of W + are locally constant. In a neighborhood of any o ∈ M W , there exist 1-forms a, b, c defined near o, such that
By analyzing the Ricci identities for u 1 , u 2 , u 3 , and using the fact that δW + = 0, Derdzinksi [3] proved that, in a neighborhood of any o ∈ M W ,
We consider elementary symmetric polynomials of λ 1 , λ 2 , λ 3 :
. Since x and y are real analytic, in fact at every point of M we have 
where I = Aā 2 + Bb 2 + Cc 2 + 2Dāb + 2Eāc + 2Fbc, II = (4x − 36y)f x + (6y − x 2 )f y .
In order for f to be a subharmonic function, we expect both I ≥ 0 and II ≥ 0. In order for I ≥ 0, we need A > 0, B > 0, C > 0, consider I as a quadratic function of a, its minimum is
In order forĨ ≥ 0, we need AB − D 2 > 0, AC − E 2 > 0, considerĨ as a quadratic function ofb, its minimum is
Therefore f being subharmonic is reduced to the following system:
Notice that the characterization of I being positive follows from Sylvester's criterion.
Observe that A+B +C > 0, AB +AC +BC > 0, I 31 +I 32 +I 33 > 0, and I 4 ≥ 0 will ensure all A, B, C, I 31 , I 32 , I 33 being positive. Since AB + AC + BC ≥ I 31 + I 32 + I 33 , f being subharmonic is reduced to the following symmetrized system,
Plugging in A, B, C, D, E, F , then the subharmonicity of f is reduced to the following system of partial differential inequalities in Ω = {x 3 − 54y 2 ≥ 0} ⊂ R 2 ,
Proof of Theorem 1.1. We will construct a solution to system (I) in the subregion Ω δ = {y ≥ δ, x 3 − 54y 2 ≥ 0} ⊂ Ω for an arbitrary δ > 0.
Denote
After factorizing nonnegative factors which are positive when 1 − 54z 2 > 0, we get
Now we can read the answer directly. If det W + > 0, i.e., z ≥ δ ′ for some δ ′ > 0, then for k large enough, I 1 , I 2 , I 3 are positive when 1 − 54z 2 > 0, so we get I ≥ 0, II ≥ 0, therefore ∆f ≡ 0, and I = II ≡ 0. By II ≡ 0 we get 1 − 54x −3 y 2 ≡ 0, which implies λ 1 = λ 2 = − 1 2 λ 3 , then by Proposition 5 in Derdziński [3] , (M, g) is conformally Kähler, that is, Hermitian Einstein.
is the derivative part of ∆|W ± | 2 , and ∆ A |W ± | 2 = R|W ± | 2 − 36 det W ± is the algebraic part. Then the refined Kato inequality for W + can be interpreted as ∆ D x 1 6 is the smallest power such that the inequality holds. The function we constructed, x 1 6 (1 − 54z 2 ) k , can be considered as a homogeneous variation of x 1 6 , since z depends only on the quotient
, but is independent of the magnitude of W + .
Proof of Theorem 1.2. We will construct a solution to system (I) in the subregion
h(z) with h ≥ 0 to be determined. After factorizing nonnegative factors which are positive when 1 − 54z 2 > 0, we have
After factorizing nonnegative factors which are positive when 1 − 54z 2 > 0, we have
Observe that (1 − 54z 2 − 9zφ)hI 2 − I 3 = 12φ 2 h 2 + 4(1 − 54z 2 − 9zφ) 2 h 2 . Therefore the subharmonicity of f is reduced to an Abel differential inequality of the second kind
with constraint conditions , and h ′ (z) < 0 when
. Therefore f 36 = x 6 h 36 (z) ∈ C 2 (M ), and ∆f 36 ≥ 0.
The proof of Theorem 1.3 is the same as that of Theorem 1.2, except that, the second constraint condition for the Abel differential inequality becomes −18z − 3φ ≥ 0. It is interesting to ask whether this equation admits solutions of different forms, which may enable us to characterize Kähler-Einstein or Hermitian Einstein metrics using different curvature conditions by constructing subharmonic functions in different subsets of Ω, this will be the subject of a forthcoming paper.
